Unified Description of Multiplicity Distributions and Bose-Einstein
  Correlations at the LHC Based on the Three-Negative Binomial Distribution by Biyajima, Minoru & Mizoguchi, Takuya
ar
X
iv
:1
90
7.
01
96
7v
1 
 [h
ep
-p
h]
  3
 Ju
l 2
01
9
Unified Description of Multiplicity Distributions and
Bose–Einstein Correlations at the LHC Based on the
Three-Negative Binomial Distribution
Minoru Biyajima1 and Takuya Mizoguchi2
1Department of Physics, Shinshu University, Matsumoto 390-8621, Japan
2National Institute of Technology, Toba College, Toba 517-8501, Japan
July 4, 2019
Abstract
Using the three-negative binomial distribution (T-NBD) formulation, we analyze mul-
tiplicity distribution (MD) and Bose–Einstein correlation (BEC) at the LHC. The formula
for the BEC based on the T-NBD (whose abbreviation is (T-N)) is expressed by two kinds
of degrees of coherence λ1 and λ2 and two kinds of exchange functions E
2
1 and E
2
2 . They
include two interaction ranges R1 and R2. Using the equation mentioned above, we can
analyze BEC data at 0.9 and 7 TeV, by making use of two sets of calculated λ1 and λ2
based on the T-NBD, and of free λ1 and λ2. Estimated parameters R1 and R2 are almost
coincident and they seem to be reasonable in pp collisions. Furthermore, an enlarged
KNO scaling function based on T-NBD is also presented and applied to data on KNO
scaling at LHC energies. That can describe the violation of the KNO scaling.
1 Introduction
In 2013, Zborovsky [1] analyzed the multiplicity distributions (MD) at 0.9 TeV and 7 TeV at
the LHC, as measured by the ATLAS [2] and CMS [3] collaborations by means of the three-
negative binomial distribution (T-NBD). The T-NBD with weight factors (α1 + α2 + α3 = 1)
is expressed as
P(T-N)(n, 〈n〉) =
3∑
i=1
αiPNBDi(n, 〈ni〉, ki). (1)
Here, 〈ni〉 and ki are the averaged multiplicity and the intrinsic parameters of the NBD, re-
spectively. The NBD is defined as follows:
PNBD(n, k, 〈n〉) = Γ(n+ k)
Γ(n+ 1)Γ(k)
(〈n〉/k)n
(1 + 〈n〉/k)n+k . (2)
Moreover, very recently stochastic structure of T-NBD has been investigated by Zborovsky [4],
therein the oscillation of combinants of T-NBD is studied. Its importance is, first of all, pointed
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out by Wilk and Wlodarczyk [5]. Taking into account of recent investigation on T-NBD, in
addition to various studies on KNO scaling [6, 7], based on the double-negative binomial dis-
tribution (D-NBD) [8–12], we would like to concentrate on the T-NBD in a different point of
view, i.e., the identical particle effect [13–15] at LHC: (Related papers are as follows; theoretical
studies [16–18] and empirical studies [19–21].)
The moments of the charged-particle distributions are calculated as
〈n〉 =
3∑
i=1
αi〈ni〉,
〈n(n− 1)〉 =
3∑
i=1
αi〈ni(ni − 1)〉 =
3∑
i=1
αi〈ni〉2
(
1.0 +
1.0
ki
)
. (3)
For the identical particles, (a = + or a = − charged sign), we obtain the following relation
〈na(na − 1)〉 =
3∑
i=1
αi〈nai 〉2
(
1.0 +
2.0
ki
)
, (4)
Eq. (4) can be interpreted as
Eq. (4) :
3∑
i=1
(The number of pairs of identical charged particle in MD(P (n)) with αi)
×(identical particle effect in MD).
On the other hand, in 2018, the authors of [17] studied the interrelation between the MD
and the Bose–Einstein correlation (BEC) based on the D-NBD. This paper aims to extend the
framework of T-NBD and to compute NBG for BEC, as calculated by {αi, 〈ni〉 : i = 1 ∼ 3}.
See Ref. [18]. The BEC is defined as
N (2+: 2−)
NBG
=
∑3
i=1 αi(〈n+i 〉2 + 〈n−i 〉2)
(
1.0 + 2.0
ki
)
∑3
i=0 2× (The number of pairs of different charged particles (+−) in MD with αi)
. (5)
For the sake of calculations, we use the following relation, 〈n+i 〉 = 〈n−i 〉 = 〈ni〉/2. For the
denominator NBG in Eq. (5), we adopt the three coefficients αi〈ni〉2 as
NBG =
3∑
i=1
αi〈ni〉2 = a1 + a2 + a3 = s,
3∑
i=1
(ai
s
)
= 1. (6)
For the BEC, based on T-NBD, we obtain the following formula
N (2+: 2−)
NBG
=
3∑
i=1
(ai
s
)(
1.0 +
2
ki
E2BECi
)
(7)
2
To describe the BEC in 0 ≤ Q ≤ 2 GeV region, the exchange function E2BEC is supplied in
Eq. (7),
E2BEC =
{
exp(−RQ) (Exponential finction) (E),
exp(−(RQ)2) (Gaussian distribution) (G), (8)
where R andQ are the interaction range and the momentum-transfer squaredQ =
√−(p1 − p2)2.
Thus, for a concrete BEC formula based on T-NBD, we obtain
BEC(T-N) = 1.0 +
3∑
i=1
(ai
s
)( 2
ki
)
E2BECi
= 1.0 + λ
(T-N)
1 E
2
BEC1 + λ
(T-N)
2 E
2
BEC2 +O(10−3), (9)
where λ
(T-N)
i = (ai/s)(2/ki) (i = 1, 2). It should be noted that the third component (with α3)
shows a Poissonian property. Because k3’s are large numbers, the third term (i = 3) does not
numerically contribute to BEC(T-N).
For analyses of BEC at the LHC, we have to pay our attention to that three collaborations
(ATLAS, CMS, and LHCb [19–21]) have used the well-known conventional formula
CFI = 1.0 + λE
2
BEC, (10)
Taking into account Eq. (9), however as the second conventional formula, we would like to
propose
CFII = 1.0 + λ
(II)
1 E
2
BEC1
+ λ
(II)
2 E
2
BEC2
, (11)
where λ
(II)
1 and λ
(II)
2 are free parameters. Through analyses of the BEC, we can compare λ
(II)
1
and λ
(II)
2 in Eq. (11) with λ
(T-N)
i = (ai/s)(2/ki) (i = 1, 2) in Eq. (9) as well as R
(T-N)
i and R
(II)
i
in Eqs. (9) and (11).
In the second section, we analyze the MD at 0.9 and 7 TeV by means of Eq. (1). Therein
ais and (ai/s)(2/ki)s are displayed. In the third section, analyses of BEC by means of Eqs. (9),
(10) and (11) are performed. In the 4th section, we present concluding remarks and discussions.
In Appendix, the KNO scaling data are analyzed by an enlarged KNO scaling function based
on the T-NBD.
2 Analyses of MD (P (n)) by means of Eq. (1)
We being by analyzing the MD at 0.9 TeV and 7 TeV, as obtained by the ATLAS [2] and
CMS [3] collaborations in terms of T-NBD introducing random variables for physical quantities
at the starting point of the MINUIT program. Estimated parameters are displayed in Fig. 1
and Table 1. Notice that there are two sets which are similar figures for minimum values of
χ2’s at 0.9 TeV by both collaborations.
Our results in Table 1 are almost the same as those by of Zborovsky [1]. By making use of
Table 1, we can calculate λ
(T-N)
i = (αi〈ni〉2/s)(2/ki) (i = 1, 2), as shown in Table 2.
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Figure 1: Analysis of MD (P (n)) data collected by the ATLAS and CMS collaborations using
Eq. (1). Notice that P (0) by CMS collaboration is excluded in our analysis as Ref. [1]. The
renormalization method is adopted.
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Table 1: Analysis of MD (P (n)) data at 0.9 and 7.0 TeV, as collected by the ATLAS and
CMS collaborations using Eq. (1). To compare results by Zborovsky in [1], we use the same
treatments for probability distributionsF About P (0) and P (1) by ATLAS collaboration, the
renormalization method is introduced. About MD by CMS collaboration we exclude P (0) and
use the renormalization.
i αi 〈ni〉 ai ki
ATLAS 1 0.640±0.199 13.493±2.546 116.519±56.975 1.78±0.20
0.9 TeV 2 0.250±0.164 28.488±3.588 202.892±142.572 5.01±1.37
χ2 = 5.317 3 0.111±0.047 10.998±0.237 13.426±5.714 28.1±24.4
ATLAS 1 0.737±0.053 21.934±2.392 354.571±81.430 1.50±0.08
7.0 TeV 2 0.183±0.061 57.214±2.597 599.040±206.953 5.67±0.76
χ2 = 5.964 3 0.080±0.010 11.164±0.169 9.971±1.282 23.4±8.4
ATLAS 1 0.754±0.063 22.625±2.549 385.966±92.755 1.48±0.08
7.0 TeV 2 0.164±0.063 57.936±2.618 550.479±217.238 5.94±0.98
χ2 = 6.160 3 0.082±0.010 11.177±0.178 10.244±1.291 23.4±8.7
CMS 1 0.743±0.179 15.852±2.454 186.705±73.245 2.08±0.20
0.9 TeV 2 0.189±0.170 32.160±4.567 195.476±184.382 6.56±2.85
χ2 = 4.289 3 0.068±0.032 11.624±0.814 9.188±4.511 896±817
CMS 1 0.739±0.200 15.830±2.841 185.092±83.177 2.10±0.21
0.9 TeV 2 0.193±0.179 32.093±5.002 199.236±194.669 6.49±3.03
χ2 = 4.941 3 0.068±0.031 11.618±0.810 9.177±4.384 ∞
CMS 1 0.826±0.091 28.613±4.126 676.108±208.928 1.66±0.12
7.0 TeV 2 0.103±0.098 67.206±6.727 465.270±452.384 6.67±2.92
χ2 = 2.275 3 0.071±0.028 13.018±0.870 12.036±5.012 38.1±73.6
Table 2: Values of λ
(T-N)
i = (αi〈ni〉2/s)(2/ki).
λ
(T-N)
1 λ
(T-N)
2 λ
(T-N)
3
ATLAS 0.9 TeV, χ2 = 5.317 0.393±0.214 0.244±0.103
ATLAS 7.0 TeV, χ2 = 5.964 0.490±0.130 0.219±0.045
ATLAS 7.0 TeV, χ2 = 6.160 0.552±0.152 0.196±0.050 O(10−3 ∼ 10−4)
CMS 0.9 TeV, χ2 = 4.289 0.460±0.241 0.152±0.102
CMS 0.9 TeV, χ2 = 4.941 0.448±0.250 0.156±0.110
CMS 7.0 TeV, χ2 = 2.275 0.706±0.296 0.121±0.091
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3 Analyses of BEC data in terms of Eqs. (9), (10), and
(11)
Our BEC results analyses are displayed in Fig. 2 and Tables 3 and 4. As seen in Tables 3
and 4, the combinations with (∗i) seem to be good coincidence. In BEC analyses in terms of
BEC(T-N), we use λ
(T-N)
i (i = 1, 2), which are the calculated values in Table 2. These are fixed
in applications of MINUIT. Contrarily in analyses by means of CFII, 4 parameters {R(II)i , λ(II)1 ,
i = 1, 2} are free; however, our results show that the sets of the four parameters by Eq. (11)
and of the two parameters (R
(T-N)
i , i = 1, 2) and fixed parameters (λ
(T-N)
i , i = 1, 2) have very
similar values. It should be stressed that the geometrical combinations G+G at 0.9 TeV and
E+G at 7 TeV by both CFII and BEC(T-N) formulations are same. That coincidence seems
probably to be attributed to the common stochastic properties of the ensembles of MD and
BEC. See Tables 3 and 4.
Table 3: Analysis results of BEC data from ATLAS [19] using Eqs. (9), (10), and (11). The
BEC formulas contain the normalization factor and the long-range correlation as (1+εQ). The
symbols (∗1, ∗2) indicate correspondences between results by Eqs. (9) and (11).
ATLAS 0.9 TeV
R [fm] λ (free) — — χ2/ndf
CFI 1.84±0.07 (E) 0.74±0.03 — — 86.0/75
1.00±0.03 (G) 0.34±0.01 — — 148/75
R
(II)
1 [fm] λ
(II)
1 (free) R
(II)
2 [fm] λ
(II)
2 (free) χ
2
CFII 4.52±1.02 (E) 0.98±0.21 0.81±0.05 (G) 0.21±0.04 78.2
2.82±0.28(G) 0.47±0.07 0.87±0.03 (G) 0.26±0.02 79.8 (∗1)
BEC(T-N) R
(T-N)
1 [fm] λ
(T-N)
1 (calcu.) R2 [fm] λ
(T-N)
2 (calcu.) χ
2
MD χ2 = 5.32 2.55±0.10 (G) 0.39 0.85±0.02 (G) 0.25 81.1 (∗1)
3.37±0.22 (E) 0.39 0.89±0.02 (G) 0.24 101
ATLAS 7.0 TeV
R [fm] λ (free) — — χ2/ndf
CFI 2.06±0.01 (E) 0.72±0.01 — — 919/75
1.13±0.01 (G) 0.33±0.00 — — 4578/75
R
(II)
1 [fm] λ
(II)
1 (free) R
(II)
2 [fm] λ
(II)
2 (free) χ
2
CFII 6.54±0.40 (E) 0.73±0.05 1.80±0.02 (E) 0.54±0.02 465
1.85±0.02 (E) 0.59±0.01 3.51±0.12 (G) 0.28±0.01 466 (∗2)
BEC(T-N) R
(T-N)
1 [fm] λ
(T-N)
1 (calcu.) R
(T-N)
2 [fm] λ
(T-N)
2 (calcu.) χ
2
MD χ2 = 5.96 1.70±0.01 (E) 0.49 2.52±0.03 (G) 0.22 609
cf. 2.40±0.02 (E) 0.49 1.52±0.02 (E) 0.22 836
MD χ2 = 6.16 1.80±0.01 (E) 0.55 2.85±0.04 (G) 0.20 531 (∗2)
4 Concluding remarks and discussions
Our working procedures by means of T-NBD and CFII are summarized in Fig. 3. Our estimated
interaction ranges and geometrical combinations are compatible.
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Figure 2: Analysis of BEC data at 0.9 and 7 TeV by the ATLAS and CMS collaborations
using Eqs. (9) and (10). Parentheses mean the values of χ2’s and geometrical properties of
exponential function (E) and Gaussian distribution (G).
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compatible
Figure 3: Our working procedures according to T-NBD and CFII. Two kinds of interaction
ranges are compatible.
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Table 4: Analysis results of BEC data from CMS [20] using Eqs. (9), (10), and (11). The
BEC formulas contain the normalization factor and the long-range correlation as (1+εQ). The
symbols (∗1, ∗2) indicate correspondences between results by Eqs. (9) and (11).
CMS 0.9 TeV
R [fm] λ (free) — — χ2/ndf
CFI 1.56±0.02 (E) 0.62±0.01 — — 487/194
0.87±0.01 (G) 0.30±0.00 — — 1157/194
R
(II)
1 [fm] λ
(II)
1 (free) R
(II)
2 [fm] λ
(II)
2 (free) χ
2
CFII 3.37±0.19 (E) 0.62±0.01 0.80±0.04 (G) 0.14±0.01 356
2.06±0.07 (G) 0.38±0.02 0.65±0.01 (G) 0.17±0.01 384 (∗1)
BEC(T-N) R
(T-N)
1 [fm] λ
(T-N)
1 (calcu.) R
(T-N)
2 [fm] λ
(T-N)
2 (calcu.) χ
2
MD χ2 = 4.29 2.02±0.02 (G) 0.46 0.61±0.01 (G) 0.15 429 (∗1)
MD χ2 = 4.94 2.06±0.02 (G) 0.45 0.62±0.01 (G) 0.16 422 (∗1)
cf. 1.29±0.01 (E) 0.45 2.04±0.01 (G) 0.15 454
CMS 7.0 TeV
R [fm] λ (free) — — χ2/ndf
CFI 1.89±0.02 (E) 0.62±0.01 — — 738/194
1.03±0.01 (G) 0.29±0.00 — — 1776/194
R
(II)
1 [fm] λ
(II)
1 (free) R
(II)
2 [fm] λ
(II)
2 (free) χ
2
CFII 3.88±0.18 (E) 0.84±0.03 0.71±0.01 (G) 0.12±0.01 540 (∗2)
2.39±0.07 (G) 0.40±0.01 0.76±0.01 (G) 0.16±0.00 600
BEC(T-N) R
(T-N)
1 [fm] λ
(T-N)
1 (calcu.) R
(T-N)
2 [fm] λ
(T-N)
2 (calcu.) χ
2
MD χ2 = 2.27 3.41±0.03 (E) 0.71 0.70± 0.01 (G) 0.12 559 (∗2)
2.07±0.01 (E) 0.71 12.70± 2.35 (E) 0.11 817
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C1) By making use of random variables for the initial values in the application of MINUIT
to MD(P (n)), we estimate the values in Table 1. In calculations, we pay our attention to the
lack of P (0) and P (1) by the ATLAS collaboration and to the exclusion problem on P (0) by
CMS collaboration as Ref. [1]. The renormalization is necessary in the application of Eq. (1).
C2) Utilizing λ
(T-N)
i in Table 2, we analyze BEC data using Eq. (9). Values of χ
2’s at 7 TeV
from CFI are reduced when BEC(T-N) and CFII are applied (See also C3)). These phenomena
probably reflect the stochastic theory that governs MD(P (n)) at the LHC. See Refs. [22, 23].
C3) By making use of CFII, i.e., Eq. (11), we estimate numerical values, a set of four pa-
rameters {R(II)i , λ(II)1 , i = 1, 2}. See Table 5. It can be said that R1’s and R2’s estimated by
CFII and BEC(T-N) are fairly well coincident. In Table 6, two kinds of degrees of coherence
with (∗i =1, 2) are summarized. In spite of large error bars of λ(T-N)i ’s, coincidences between
λ
(II)
i and λ
(T-N)
i seem to be reasonable. That reason may be attributed to common stochastic
properties of ensembles for MD and BEC, which are described by the T-NBD, in particular.
Table 5: Comparisons of R1’s and R2’s with combinations of symbols (∗i) including values of
χ2’s in Tables 3 and 4.√
s [TeV] formula R1 [fm] R2 [fm] χ
2
ATLAS CFII 2.82±0.28(G) 0.87±0.03 (G) 79.8
0.9 BEC(T-N) 2.55±0.10 (G) 0.85±0.02 (G) 81.1
7.0
CFII 1.85±0.02 (E) 3.51±0.12 (G) 466
BEC(T-N) 1.80±0.01 (E) 2.85±0.04 (G) 531
CMS CFII 2.06±0.07 (G) 0.65±0.01 (G) 384
0.9 BEC(T-N) 2.06±0.02 (G) 0.62±0.01 (G) 422
7.0
CFII 3.88±0.18 (E) 0.71±0.01 (G) 540
BEC(T-N) 3.41±0.03 (E) 0.70± 0.01 (G) 559
Table 6: Comparisons of two kinds of degree of coherence with symbols (∗1, ∗2) in Tables 3
and 4. √
s [TeV] formulas λ1 λ2
ATLAS CFII 0.47±0.07 0.26±0.02
0.9 BEC(T-N) 0.39±0.21 0.24±0.10
7.0
CFII 0.59±0.01 0.28±0.01
BEC(T-N) 0.55±0.15 0.20±0.05
CMS CFII 0.38±0.02 0.17±0.01
0.9 BEC(T-N) 0.45±0.25 0.16±0.11
7.0
CFII 0.84±0.03 0.12±0.01
BEC(T-N) 0.71±0.30 0.12±0.09
C4) We find that there are interesting interrelations between results by BEC(T-N) and CFII
with symbols (∗i = 1, 2). BEC(T-N) and CFII may fairly well describe BEC at the LHC.
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Moreover we can add the following: for the combination of E2BEC’s at 0.9 TeV, the double-
Gaussian distribution (G+G) is selected. On the other hand, those at 7 TeV are combinations
of the exponential function (E) and the Gaussian distribution (G). This means that production
mechanism at 0.9 and 7 TeV is different.
C5) We may be able to point out the following correspondences among KNO scaling, MD and
BEC, through the present investigation, as is shown in Table 7. The key point is attributed
to the violation of KNO scaling which was discovered in 1989 by UA5 collaboration. That
collaboration proposed the double-NBD (D-NBD), first of all. Detailed analyses of KNO scaling
based on T-NBD at LHC energies are given in Appendix.
C6) Provided that λ
(II)
i ’s are regarded as weight factors, we can estimate the effective inter-
action ranges as,
RE = R1 × λ1 +R1 × λ1. (12)
Those are displayed in Table 8 and Fig. 4. They seem reasonable because RE’s increase, as
colliding energy increases (0.9 TeV→7.0 TeV). RE’s at 7 TeV are larger than those at 0.9 TeV.
0
1
2
3
4
1 10
R E
 
(fm
)
√s (TeV)
ATLAS CFI
CMS CFI
ATLAS CFII
CMS CFII
ATLAS BEC(T−N)
CMS BEC(T−N)
Figure 4: Effective ranges calculated by Eq. (12). For comparisons, R’s estimated by CFI (E)
are shown.
D1) We need to elucidate physical meaning of three kinds of the intrinsic parameter ki and
weight factor αi. According to the Monte Carlo calculations by [25, 26], the following corre-
spondences are implied: 

1) The first NBD with α1 ↔ σNDD,
2) the second one with α2 ↔ σSD,
and 3) the third one with α3 ↔ σDD.
Where σNDD, σSD, and σDD are cross sections of the non-diffractive dissociation, that of the
single diffractive dissociation, and that of the double diffractive dissociation, respectively.
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Table 7: Correspondences among KNO scaling, MD, and BEC [17, 18]. See also Refs. [14, 16].
KNO scaling MD BEC
existence. Single NBD CFI
ψk(z) =
k(kz)(k−1)e−kz
Γ(k)
, Eq. (2) Eq. (10)
where z = n/〈n〉.
violation I: D-NBD CFII = Eq. (11)
ψ(z) =
2∑
i=1
αi
ri
ψki(zi) P (n, 〈n〉) BEC(D-N)
=
α1
r1
ψk1(z1) +
α2
r2
ψk2(z2), =
2∑
i=1
αiPNBDi(n, 〈ni〉, ki), = 1.0 + λ(D-N)1 E2BEC1
where zi = z/ri [17]. s =
2∑
i=1
αi〈ni〉2 = a1 + a2. +λ
(D-N)
2 E
2
BEC2
,
2∑
i=1
αi = 1.0
2∑
i=1
αiri = 1.0
where λ
(D-N)
i = (ai/s)(2/ki)
(i = 1, 2). See Ref. [18]
violation II: T-NBD CFII = Eq. (11)
ψ(z) =
3∑
i=1
αi
ri
ψki(zi) Eq. (1) BEC(T-N) = Eq. (9),
3∑
i=1
αi = 1 s =
3∑
i=1
αi〈ni〉2 =
3∑
i=1
ai where λ
(T-N)
i = (ai/s)(2/ki)
The third term shows the
3∑
i=1
αiri = 1.0
(i = 1 ∼ 3). Notice that
contribution due to the
λ
(T-N)
3 = O(10−3).
Poisson-like distribution.
Table 8: Effective Ranges calculated by Eq. (12).
formulas
RE [fm]
0.9 TeV 7 TeV
ATLAS
CFII 1.55±0.24 2.07±0.05
BEC(T-N) 1.21±0.55 1.56±0.31
CMS
CFII 0.89±0.05 3.34±0.19
BEC(T-N) 1.03±0.34 2.51±1.02
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D2) We need to reduce the large error bars of λ
(T-N)
i (i = 1, 2) in the future. For this purpose
we have to investigate an improved framework in analysis of MD.
D3) We are going to analyze the MD and BEC (2.0 < η < 4.5) by LHCb collaboration, to
know whether or not the present theoretical formulas works well [27].
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A An Enlarged KNO scaling function for LHC energies
We would like to analyze the KNO scaling at LHC energies. It is worthwhile to remember that
the T-NBD is proposed to explain the KNO scaling violation found at Sp¯pS energy (
√
s = 546
GeV) [7]. Here we present the KNO scaling function based on the T-NBD,
ψ(T-N)(z = n/〈n〉, αi, ki, ri; i = 1 ∼ 3) =
3∑
i=1
αi
1
ri
kkii (z/ri)
ki−1
Γ(ki)
e−kiz/ri. (13)
Its normalization is given as follows:
∫
∞
0
dzψ(T-N)(z, αi, ki, ri; i = 1 ∼ 3) =
3∑
i=1
αi = 1.0. (14)
It can be emphasized that the violation of the KNO scaling is understood by energy dependences
of parameters αi, ki and ri.
Our results based on Eq. (13) are shown in Fig. 5 and Table 9. Moreover the ratio ri =
〈ni〉/〈n〉 should be large, because the average multiplicities 〈ni〉 are actually needed to be large
as 〈n〉; ri ≥ 0.33 (〈ni〉 ≥ 〈n〉/3). As is seen in Fig. 5, ψ(z)’s at 0.9 TeV by ATLAS and CMS
collaborations are different from ψ(z)’s at 7, 8, and 13 TeV. In Table 9, the violation of KNO
scaling is observed through parameters αi and ri = 〈ni〉/〈n〉 (i = 1 ∼ 3).
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